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A new non-linear model of a straight pipe conveying #uid is presented for vibration
analysis when the pipe is "xed at both ends. Using the Euler}Bernoulli beam theory and the
non-linear Lagrange strain theory, from the extended Hamilton's principle the coupled
non-linear equations of motion for the longitudinal and transverse displacements are
derived. These equations of motion are discretized by using the Galerkin method. After the
discretized equations are linearized in the neighbourhood of the equilibrium position, the
natural frequencies are computed from the linearized equations. On the other hand, the time
histories for the displacements are also obtained by applying the generalized-� time
integration method to the non-linear discretized equations. The validity of the new
modelling is provided by comparing results from the proposed non-linear equations with
those from the equations proposed by PamKdoussis.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

Vibration of a pipe conveying #uid is an important problem that needs to be resolved in
refrigerators, air-conditioners, chemical plants, hydropower systems and so on. Therefore,
vibration analysis of a pipe vibration has been a subject of numerous investigations due to
their wide application in many industrial "elds. Many researchers [1}7] presented studies
on modelling and derivation of the equations of motion for pipes conveying #uid. They
carried out the vibration and stability analysis of straight or curved pipes subjected to
various supports or loading. In particular, comprehensive reviews on various pipe
modelling and analysis are given in a book written by PamKdoussis [1]. In recent years, some
studies carried out non-linear formulations and analyses of pipes conveying #uid [6, 7].
Most of the previous non-linear equations were derived not only by using the order-of-
magnitude approximation but also by considering non-linearity and the in"nitesimal strain
simultaneously [1, 2, 6, 7]. However, it is more reasonable that non-linearity should be
considered in the general non-linear Lagrange strain that is often called the von Karman
strain. The reason for this is that the in"nitesimal strain theory is suitable for a linear system
while the general Lagrange strain is more suitable for a non-linear system [8].
In this study, a new non-linear model of straight pipe conveying #uid is presented for

vibration analysis when the pipe is "xed at both ends. The main di!erence between the
linear and the non-linear models is that the transverse displacement is coupled with the
longitudinal displacement through the non-linear terms. In order to take the e!ects of
non-linearity into account, the general Lagrange strain theory is adopted instead of the
conventional in"nitesimal strain theory. On the other hand, it is assumed that the pipe is
treated as the Euler}Bernoulli beam and it has linear relations between the stresses and the
022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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displacements. Based on the above background, coupled non-linear equations of motion
are derived for the longitudinal and transverse displacements from the extended Hamilton
principle [9]. After the equations are discretized by the Galerkin method and then
linearized in the neighbourhood of the equilibrium position, the natural frequencies for the
transverse vibrations are computed and veri"ed. Furthermore, the non-linear dynamic
responses, i.e., the time histories of the displacements are computed by using the
generalized-time integration method [10]. Finally, the computation results from the
proposed non-linear equations are compared with those from the equations proposed by
PamKdoussis and his co-workers [1, 6].

2. EQUATIONS OF MOTION

Consider an extensible straight pipe with uniform internal #ow and harmonic external
excitation, as shown in Figure 1. The straight pipe, clamped at both ends, has dimensions
given by the length ¸, the cross-sectional outer diameter d

�
and the thickness h. If it is

assumed that the pipe is su$ciently slender, that is, d
�
/¸(0)1, it can be modelled as the

Euler}Bernoulli beam. Moreover, the #uid in the pipe is assumed to be incompressible so
that its velocity is uniform inside the pipe. This means that so-called &&plug-#ow'' is assumed,
where the secondary #ow e!ects are negligible [1]. Therefore, it is reasonable that the axial
velocity ;(t) and the acceleration ;Q (t) are uniform in the pipe.
In order to consider the non-linearity of the pipe, in this paper, the general Lagrange

strain theory is used along with the Euler}Bernoulli beam theory. Since the pipe is modelled
as the Euler}Bernoulli beam, the displacements in the x and y directions, u

�
(x, y, t) and

u
�
(x, y, t), for a point of the pipe may be expressed by

u
�
(x, y, t)"u(x, t)!y

�v (x, t)
�x

, u
�
(x, y, t)"v (x, t), (1)

where u (x, t) and v (x, t) are the longitudinal and transverse displacements of a point on the
centre line of the pipe respectively. The displacements and strains of the pipe may not be
Figure 1. Schematics of a straight pipe conveying #uid when both ends are "xed: (a) the pipe before deformation;
(b) the pipe after deformation; and (c) the cross-section of the pipe.
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small, so that the longitudinal displacement as well as the transverse displacement is
included in the formulation. The non-linearity of the pipe can be considered by the
Lagrange strain}displacement relations, which provide the relations between the strains
and displacements:
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where �
�
and �

�
are the longitudinal and transverse normal strains, and �

��
is the shear strain.

Substitution of equations (1) into equations (2) leads to

�
�
"u�#�

�
(u��#v��)!y (1#u�)v�#�

�
y�v��, �

�
"�

�
v��, �

��
"!�

�
u�v�#�

�
yv�v�, (3)

where the superposed prime represents di!erentiation with respect to x. Note again that the
non-linear terms in equations (3) originate from the non-linearity of the pipe due to the large
deformation.
Consider the di!erence of the non-linear strain}displacement relations between the

proposed modelling and the conventional modelling [1, 2, 6, 7]. PamKdoussis and his
co-workers [1, 6, 7] and Thurman and Mote [2] used the approximated non-linear
strain}displacement relations given by

�"�(1#u�)�#v��!1, �"�u��#v�� , (4)

where � and � are the axial strain and the curvature of the pipe respectively. These
non-linear relations are derived by considering the non-linearity and the in"nitesimal
strains simultaneously. In other words, to consider the non-linearity, the non-linear strains
are obtained by applying the Pythagorean theorem to the in"nitesimal strains. However, it
is reasonable that the non-linearity is considered in the general Lagrangian strain theory
that is often called the von Karman strain theory, because the in"nitesimal strain theory is
suitable for a linear system while the von Karman strain theory is suitable for a non-linear
system [8]. Moreover, the order-of-magnitude approximation was used when the other
researchers derived non-linear equations of motion. Consequently, compared to the strains
of equations (4), the non-linear strains of this study given by equations (3) are consistently
derived from the general Lagrange strain theory that permits large displacements and
strains.
Next, consider the stress}strain relation in the pipe. It is assumed that the material of the

pipe is homogeneous, isotropic, elastic and Hoken. Since the pipe is slender and the
thickness h is small compared to other dimensions, the axial stress �

�
can be represented by

�
�
"E��

�
, (5)

where E is Young's modulus and ��
�
is the linearized axial strain. The linearized strains ��

�
,

��
�
and ��

��
are obtained by linearization of the strains given by equations (3):

��
�
"u�!yv�, ��

�
"��

��
"0. (6)

Hence, in this modelling, the non-linear strains and the linear stresses are used to obtain the
equations of motion. A more detailed discussion of this kind of modelling can be found in
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Chung et al. [11]; furthermore, this modelling technique is applied to derive the equations
of motion for an axially moving string [12].
Under the assumptions described above, the strain energy of the pipe conveying #uid is

given by

P"

1

2 �
�

�
�
�
�
d<, (7)

where < is the volume of the pipe. Substituting equations (3) and (5) into equation (7), the
strain energy can be expressed as

P"

1

2
EA�

�

�
�u��#

1

2
u�(u��#v��)�dx#

1

2
EI �

�

�
�1#

3

2
u�� v��dx, (8)

where A is the cross-sectional area of the pipe and I is the area moment of inertia.
To obtain the kinetic energy of the pipe conveying #uid, consider not only the velocity of
#uid along the pipe but also the velocity of the pipe. First, the displacement vector of a point
on the centre line of the deformed pipe can be written as

r"u i#v j, (9)

where i and j are the unit vectors in the x and y directions respectively. Then, the pipe
velocity v

�
and the #uid velocity along the pipe v

�
are given by

v
�
"uR i�#vR j� , v

�
"[uR #;(1#u�)]i#(vR #;v�) j, (10)

where the superposed dot stands for di!erentiation with respect to time. The #uid velocity
v
�
is obtained from the material derivative of r with respect to time. Neglecting the rotary

inertia e!ect and the secondary #ow e!ect, the kinetic energy for the pipe conveying #uid is
given by

K"

1

2A �
�

(m
�
v
�
) v

�
#m

�
v
�

) v
�
) d<, (11)

where m
�
and m

�
are the mass densities of the pipe and the #uid per unit pipe length

respectively. Substituting equations (10) into equation (11), the kinetic energy is expressed as

K"

1

2
m

� �
�

�

(uR �#vR �) dx#

1

2
m

� �
�

�

	[uR #;(1#u�)]�#(vR #;v�)�
dx. (12)

The equations of motions of the pipe with #uid transport and the corresponding
boundary conditions are obtained from the extended Hamilton principle [9]. The extended
Hamilton principle may be described as

�
t
�

t
�

(�K!�P#�=
�	

!�M) dt"0, (13)

where � is the variation operator, �=
�	
is the virtual work done by the non-conservative

forces and �M is the virtual momentum change. These two quantities for the pipe conveying
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#uid, shown in Figure 1, are given by

�=
�	

"�
�

�

p(x, t)�vdx, �M"[m
�
(v

�
) �r) (; i ) n)]��

, (14)

where p(x, t) is the transverse load per unit length of the pipe and n is the outward normal
vector at the boundaries. Introducing equations (8), (12) and (14) into equation (13), the
coupled non-linear equations of motion for the pipe conveying #uid are derived as follows:

(m
�
#m

�
)uK#m
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;Q (1#u�)#2m

�
;uR �#m
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�
u���v�)"p. (16)

The associated boundary conditions are given by

u"v"v�"0 at x"0, ¸. (17)

It needs to be emphasized that the above equations are derived by adopting the non-linear
Lagrange strains and linearized stresses in order to consider the non-linearity of the pipe.
It is interesting to check as to what is the di!erence between the newly proposed

equations and the previously presented equations. Since the equations derived by Thurman
and Mote [2] are simpli"ed forms of the equations presented by PamKdoussis and his
co-workers [1, 6, 7], the equations proposed in this paper are compared with the equations
of PamKdoussis and his co-workers. Using the same notations of this paper, the equations of
PamKdoussis and his co-workers can be rewritten as

(m
�
#m

�
)uK#m

�
;Q (1#u�)#2m

�
;uR �#m

�
;�u�!EA(u�#v�v�)!EI(v�v���#v�v���)"0,

(18)

(m
�
#m

�
)vK#m

�
;Q v�#2m

�
;vR �#m

�
;�v�!EA(u�v�#u�v�#�

�
v��v�)

#EI(v���!2u�v���!4u�v���!3u���v�!u���v�!2v��v���!8v�v�v���!2v��)"p. (19)

The main di!erence of equations (16) and (17) from equations (18) and (19) is shown in
non-linear terms. On the other hand, as expected, the linear terms are the same in both
equations of motion.

3. DISCRETIZED EQUATIONS OF MOTION

Approximate solutions for the discretized equations can be found in a "nite-dimensional
function space. The longitudinal and transverse displacements may be represented by the
trial functions that are expressed as a series of the basis functions:

u (x, t)"


� ;

�
(x)¹�

�
(t), v(x, t)"



� <

�
(x)¹�

�
(t), (20)
�	� �	�
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where N is the total number of the basis functions, ;
�
(x) and <

�
(x) are the comparison

functions, and ¹�
�
(t) and ¹�

�
(t) are unknown functions of time to be determined. The

weighting functions corresponding to the trial functions are given by

uN (x, t)"


�
�	�
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�
(t), vN (x, t)"
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�
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�
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where ¹M �
�
(t) and ¹M �

�
(t) are arbitrary functions of time. If the comparison functions for the

longitudinal and transverse displacements are chosen as

;
�
(x)"a

�
x��(¸!x), <

�
(x)"b

�
x��(¸!x)�, (22)

in which a
�
and b

�
are arbitrary constants, they automatically satisfy all the boundary

conditions given by equation (17). Meanwhile, the coe$cients a
�
and b

�
can be determined

by the normalization conditions

�
�
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dx"1. (23)

The equations of motion derived in the previous section are discretized by the Galerkin
method. Substituting u and v from equations (20) into equations (15) and (16), multiplying
these equations by uN and vN from equations (21), respectively, summing all the equations,
integrating them over the length ¸, and then collecting all the terms with respect to ¹M �

�
(t)

and ¹M �
�
(t), the coe$cients of ¹M �
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(t) and ¹M �
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(t) provide the discretized equations given by
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Equations (24) and (25) can be rewritten in vector}matrix form as

MTG (t)#2;GT� (t)#(K#;�H#;Q G)T(t)#N(T(t))"F(t), (27)

where M is the mass matrix, G is the matrix related to the gyroscopic force, K is the
structural sti!ness matrix, H is the matrix related to the centrifugal force for the #uid,
N(T(t)) is the non-linear internal force vector, F(t) is the external force vector and T is given
by

T"	¹�
�
, ¹�

�
,2, ¹�



, ¹�

�
, ¹�

�
,2, ¹�





. (28)

4. NATURAL FREQUENCIES

The discretized equations of motion can be veri"ed by computing the natural frequencies
of the pipe. To do this, it is necessary to obtain the linearized equations of motion in the
neighbourhood of the equilibrium position. When the pipe is in the steady state and the
external force is neglected, the linearized equation of equation (27) is given by

MTG (t)#2;GT� (t)#(K#;�H)T(t)"0. (29)

In order to "nd the natural frequencies from equation (29), it is convenient to transform
equation (29) into

AY� (t)#BY(t)"0, (30)

where

A"�
0

M

I

0�, B"�
!I

2;G

0

K#;�H�, Y(t)"�
T� (t)
T(t)� . (31)

Assuming the solution of equation (30) as Y (t)"Y
�
e

�
t, the complex eigenvalue 

�
can be

computed from

det(B#
�
A)"0. (32)

Consider the convergence characteristics of the natural frequencies for the pipe. If there is
no speci"cation, the material properties used in the computation of this study are given by
m

�
"0)05636 kg/m, m

�
/(m

�
#m

�
)"0)1, E"10�10� Pa, ¸"2)0 m, d

�
"20 mm and

h"0)1 mm. Table 1 shows the convergence characteristics of the natural frequencies with
the number of basis functions N when the pipe is stationary, i.e., ;";Q "0. It is obvious
that, as N increases, the computed natural frequencies approach the exact values presented
by Blevins [13]. Another veri"cation for the convergence of the natural frequencies is



TABLE 1

Convergence characteristics of the natural frequencies (rad/s) when ;";Q "0

Transverse vibration Longitudinal vibration

N First Second Third First Second Third

1 131)84 369)57 N/A 5252)81 10765)0 N/A
2 131)40 369)57 749)56 5218)49 10765)0 16786)8
3 131)40 362)31 749)56 5218)49 10440)0 16786)8
4 131)40 362)31 711)38 5218)45 10440)0 15685)9
5 131)40 362)19 711)38 5218)45 10436)9 15685)9
6 131)40 362)19 710)06 5218)45 10436)9 15655)6

Exact [13] 131)39 362)19 710)04 5218)40 10436)4 15653)5

TABLE 2

Convergence characteristics of the natural frequencies (rad/s) when ;"15)0 m/s and ;Q "0

Transverse vibration Longitudinal vibration

N First Second Third First Second Third

1 48)206 295)92 N/A 5251)5 10762)8 N/A
2 38)288 291)86 680)41 5217)2 10762)5 16783)6
3 38)172 276)50 675)22 5217)2 10437)4 16783)2
4 38)070 275)78 625)28 5217)2 10437)4 15682)3
5 38)069 275)46 623)20 5217)2 10434)3 15682)1
6 38)069 275)46 621)11 5217)2 10434)3 15651)7
7 38)069 275)44 621)01 5217)2 10434)3 15651)7
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provided when the #uid has a constant velocity. As seen in Table 2, when;"15)0 m/s and
;Q "0, the computed natural frequencies converge with the number of basis functions N.
The discretized equations are also veri"ed by investigating the variation of the complex

eigenvalue with the #uid velocity. For comparison of the computation results, it is
convenient to introduce the dimensionless eigenvalue �

�
and the dimensionless #uid velocity

;M given by

�
�
"

�
¸��

m
�
#m

�
EI

, ;M ";¸�
m

�
EI

. (33)

When ;Q "0, the variation of the dimensionless eigenvalues versus the dimensionless #uid
velocity is illustrated in Figure 2, where the imaginary part of the eigenvalue represents the
natural frequency of the pipe. This plot is nearly the same as that presented by PamKdoussis
[1]. It is well known that the pipe becomes unstable if at least one of the eigenvalues has
a positive real part. As shown in Figure 2, the critical #uid velocity computed from equation
(32) is ;M

	
"6)28, which is the same as the critical velocity ;M

	
"2� given by PamKdoussis [1].

In the region of 6)28(;M (8)99, the "rst mode has real eigenvalues, which incur the
divergence instability. However, when ;M '8)99, the "rst and second modes are combined
and they produce the same eigenvalues that have the imaginary parts as well as the real
parts. Therefore, the velocity region of ;M '8)99 is related to the #utter instability.



Figure 2. Variation of the complex eigenvalues for the dimensionless #uid velocity: (a) the imaginary part; and
(b) the real part.
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5. DYNAMIC RESPONSES

From the discretized non-linear equation of motion given by equation (27), the time
histories of the displacements are obtained by the generalized-� time integration method
[10]. To apply the generalized-�method, it is convenient to express the discretized equation
(27) as

Man#1!�
�
#2;n#1!�

�
Gvn#1!�

�
#(K#;�n#1!�

�
H#;Q n#1!�
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�
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�
)"Fn#1!�

�
, (34)

where
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"(1!�

�
)d
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�
d
�
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"(1!�
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v
�
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"(1!�

�
)a
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#�
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a
�
,

Fn#1!�
�
"F(tn#1!�
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), ;Q n#1!�

�
";Q (tn#1!�

�
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�
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��
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�
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�
, (35)

and

d
��

"d
�
#�tv

�
#(1/2!�)�t�a

�
#��t�a

��
, v

��
"v

�
#(1!�)�ta

�
#��ta

��
,
(36)
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in which �
�
, �

�
, �, and � are the algorithm parameters determined by the numerical

dissipation parameter; �t"t
��

!t
�
is the time step; d

�
, v

�
and a

�
are approximations to

T(t
�
), T� (t

�
) and TG (t

�
) respectively. Since equation (34) is a non-linear vector equation and the

longitudinal and the transverse displacements are coupled with each other, a non-linear
equation solver, e.g., the Newton}Raphson method, should be applied in order to update
the displacement, velocity and acceleration vectors.
The dynamic responses of the transverse displacement of a point on the centreline of the

pipe are computed from equations (34)}(36), when the external transverse load p(x, t) given
by a harmonic excitation with a frequency � and constant amplitude P

�
, namely,

p(x, t)"P
�
sin�t. In this paper, all the dynamic responses are computed when

P
�
"1)0 N/m and �"24� rad/s. The associated #uid velocity pro"le is shown in Figure 3,

in which the dimensionless #uid velocity;� increases linearly from zero to a constant value
during 0)5 s, and then the velocity remains constant after it reaches the constant value. For
numerical calculation, the numbers of the basis functions and the time step size are selected
as N"5 and �t"0)001 s respectively.
In order to check the stability results given in Figure 2, it is required to investigate the

dynamic responses for the linearized version of equation (34). The computed time histories
of the transverse displacement of the linear model at x"¸/2 are plotted in Figure 4. Figure
4(a) shows the dynamic response of the transverse displacement when the #uid velocity is
zero. On the other hand, Figures 4(b)}(4d) demonstrate the time responses of the transverse
displacements for the velocity pro"les corresponding to ;M "5, ;M "8 and ;M "10 in
Figure 3 respectively. As shown in Figures 4(a) and 4(b), when ;M "0 or 5, the dynamic
responses are stable. The stable responses are coincident with the stability implied by Figure
2, where the real parts of the eigenvalues are zero. However, when ;M "8, the dynamic
response exhibits the divergence instability. As shown in Figure 4(c), the response diverges
without #uctuation. On the other hand, the response for;M "10 blows out with #uctuation.
In other words, the #utter instability is observed when ;M "10. These results can be
con"rmed by Figure 2, which illustrates that the "rst mode has pure real eigenvalues when
;M "8 while the "rst and second modes have eigenvalues with the real and imaginary parts
when ;M "10.
Now, compare the dynamic responses for the non-linear model proposed in this paper

with those for other non-linear models. This paper deals with comparisons only between the
Figure 3. Fluid velocity pro"les in the pipe.



Figure 4. Dynamic responses of the transverse displacements for the linear model at x"¸/2 when the #uid
velocity is given by the pro"le corresponding to (a);M "0)0, (b) ;M "5)0, (c) ;M "8)0 and (d);M "10)0 in Figure 3.
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new model and PamKdoussis' model [1, 6]. The equations presented by PamKdoussis are also
discretized by using the same basis functions given in equation (20), and the dynamic
responses are computed by using the generalized-� method with the same parameters and
material properties. First, consider the dynamic responses of the transverse displacement
when the #uid has no velocity, that is, ;M "0. In this case, although the new model and
PamKdoussis' model have di!erent non-linear terms, as seen in equations (15), (16), (18) and
(19), Figure 5 shows that, when ;M "0, there is no di!erence in the dynamic responses
obtained from these two models. However, when the #uid velocity is non-zero, these
dynamic responses become quite di!erent from each other, as illustrated in Figure 6. This
shows that the response for PamKdoussis' model has a longer period and smaller amplitude
compared to that for the new model. Recall that the proposed equations are derived
consistently by only assuming linearized stress; however, PamKdoussis' equations are derived
by using the order-of-magnitude approximation and the in"nitesimal strain theory.



Figure 5. Dynamic responses of the transverse displacements for the non-linear model at x"¸/2 when the #uid
velocity is zero: (a) the new model; and (b) PamKdoussis' model.

Figure 6. Dynamic responses of the transverse displacements for the non-linear model at x"¸/2 when the #uid
velocity is given by the pro"le corresponding to;M "5)0 in Figure 3: (a) the new model; and (b) PamKdoussis'model.
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Therefore, the proposed model is more reasonable than PamKdoussis'model. This means that
the presented theory can describe the coupled non-linear motion for the longitudinal and
transverse displacements more accurately in comparison with PamKdoussis' theory.
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6. CONCLUSIONS

A new non-linear model is presented to analyze the vibration of a straight pipe conveying
#uid when both ends are "xed. Using the Euler}Bernoulli beam theory and the general
Lagrange strain, from the extended Hamilton principle the non-linear equations of motion
for the longitudinal and transverse displacements are derived, where the longitudinal and
transverse displacements are coupled with each other. With the discretized equations
obtained by the Galerkin method, the natural frequencies and the dynamic responses are
computed. Furthermore, the computation results from the proposed modelling are
compared with those from PamKdoussis' modelling.
The proposed model is more reasonable than PamKdoussis' model, because the proposed

equations are derived consistently by only assuming linearized stress while PamKdoussis'
equations are derived by using the order-of-magnitude approximation and the in"nitesimal
strain theory. On the other hand, it is observed that the dynamic responses, computed from
the proposed non-linear theory, have the divergence instability for 6)28(;M (8)99 and the
#utter instability for ;M '8)99.
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